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Review
• A graph 𝐺𝐺 is defined as an ordered set (𝑉𝑉,𝐸𝐸), where 𝑉𝑉(𝐺𝐺)

represents the set of vertices and 𝐸𝐸(𝐺𝐺) represents the edges
– For a given undirected graph with 𝑉𝑉(𝐺𝐺) = {𝐴𝐴,𝐵𝐵,𝐶𝐶,𝐷𝐷,𝐸𝐸} and 
𝐸𝐸(𝐺𝐺) = {(𝐴𝐴,𝐵𝐵), (𝐵𝐵,𝐶𝐶), (𝐴𝐴,𝐷𝐷), (𝐵𝐵,𝐷𝐷), (𝐷𝐷,𝐸𝐸), (𝐶𝐶,𝐸𝐸)}

• Five vertices or nodes and six edges in the graph

– For a given directed graph, the edge (𝐴𝐴,𝐵𝐵) is said to initiate 
from node 𝐴𝐴 (also known as initial node) and terminate at node 
𝐵𝐵 (terminal node)
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Representation of Graphs
• There are three common ways of storing graphs in the 

computer’s memory
– Sequential representation by using an adjacency matrix
– Linked representation by using an adjacency list that stores 

the neighbors of a node using a linked list
– Adjacency multi-list which is an extension of linked 

representation
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Sequential Representation.
• For any graph 𝐺𝐺 having 𝑛𝑛 nodes, the adjacency matrix will 

have the dimension of 𝑛𝑛 × 𝑛𝑛
– The rows and columns are labelled by graph vertices
– An entry 𝑎𝑎𝑖𝑖𝑖𝑖 in the adjacency matrix will contain 1, if vertices 
𝑣𝑣𝑖𝑖 and 𝑣𝑣𝑗𝑗 are adjacent to each other; otherwise, 𝑎𝑎𝑖𝑖𝑖𝑖 will set to 0

• Since an adjacency matrix contains only 0s and 1s, it is called a bit 
matrix or a Boolean matrix
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Sequential Representation..
• From the original adjacency matrix, denoted by 𝐴𝐴1

– An entry 1 in the 𝑖𝑖𝑡𝑡𝑡 row and 𝑗𝑗𝑡𝑡𝑡 column means that there 
exists a path of length 1 from 𝑣𝑣𝑖𝑖 to 𝑣𝑣𝑗𝑗

• Let’s consider 𝐴𝐴2

– 𝐴𝐴2 = 𝐴𝐴1 × 𝐴𝐴1

– 𝑎𝑎𝑖𝑖𝑖𝑖2 = ∑𝑎𝑎𝑖𝑖𝑘𝑘𝑎𝑎𝑘𝑘𝑗𝑗
– If 𝑎𝑎𝑖𝑖𝑖𝑖2 ≥ 1, ∃𝑘𝑘 such that 𝑎𝑎𝑖𝑖𝑖𝑖 = 1 ∧ 𝑎𝑎𝑘𝑘𝑘𝑘 = 1

– That is, if there is an edge 𝑣𝑣𝑖𝑖 ,𝑣𝑣𝑘𝑘 and 𝑣𝑣𝑘𝑘 , 𝑣𝑣𝑗𝑗 , then there is a 
path from 𝑣𝑣𝑖𝑖 to 𝑣𝑣𝑗𝑗 of length 2

• Similarly, every entry in the 𝑖𝑖𝑡𝑡𝑡 row and 𝑗𝑗𝑡𝑡𝑡 column of 𝐴𝐴𝑛𝑛
gives the number of paths of length 𝑛𝑛 from node 𝑣𝑣𝑖𝑖 to 𝑣𝑣𝑗𝑗

𝑎𝑎32
= ×

1
1
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Sequential Representation…

– 𝐴𝐴2 = 𝐴𝐴1 × 𝐴𝐴1 =
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– 𝐴𝐴3 = 𝐴𝐴2 × 𝐴𝐴1 =
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Sequential Representation….

– We can further define a matrix 𝐵𝐵𝑛𝑛 = 𝐴𝐴1 + ⋯+ 𝐴𝐴𝑛𝑛

• 𝐵𝐵3 = 𝐴𝐴1 + 𝐴𝐴2 + 𝐴𝐴3 =
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– A path matrix 𝑃𝑃 can be obtained by setting an entry 𝑝𝑝𝑖𝑖𝑖𝑖 = 1 if 
𝑏𝑏𝑖𝑖𝑖𝑖 is non-zero

• 𝑃𝑃 =
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Linked Representation
• An adjacency list is another way in which graphs can be 

represented in the computer’s memory
– It is often used for storing graphs that have a small-to-

moderate number of edges
• That is, an adjacency list is preferred for representing sparse 

graphs in the computer’s memory; otherwise, an adjacency matrix 
is a good choice
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Adjacency Multi-list.
• Graphs can also be represented using multi-lists which can 

be said to be modified version of adjacency lists
– Adjacency multi-list is an edge-based rather than a vertex-

based representation of graphs
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Adjacency Multi-list..
• Using the adjacency multi-list, the inverse information for 

vertices can be derived
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Search Algorithms
• In a graph structure, an important issue is to find a (minimal) 

path from a node to another node
– Breadth-first search

• BFS uses a queue as an auxiliary data structure to store nodes for 
further processing

Queue: first-in-first-out

– Depth-first search
• DFS uses a stack to store nodes for further processing

Stack: last-in-first-out
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Breadth-first Search.
• Breadth-first search (BFS) is a graph search algorithm that 

begins at the predefined node and explores all the 
neighboring nodes until the target node is reached
– Given a directed graph, please find a path from 𝐴𝐴 to 𝐼𝐼 by using 

BFS
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Breadth-first Search..
• QUEUE is used to hold the nodes that have to be processed, 

ORIG is used to keep track of the origin of each edge
– Step 1: 

– Step 2:

– Step 3:

– Step 4:
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Breadth-first Search…
– Step 5:

– Step 6:

– Step 7:
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Breadth-first Search….
– Final, by referring to ORIG, the minimum path is 𝐴𝐴 → 𝐶𝐶 → 𝐺𝐺 →
𝐼𝐼
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Depth-first Search.
• The depth-first search algorithm progresses by expanding the 

starting node of 𝐺𝐺 and then going deeper and deeper until the 
goal node is found, or until a node that has no children is
encountered
– Given a graph 𝐺𝐺 and its adjacency list, please find a path from 𝐴𝐴

to 𝐼𝐼 by using DFS
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Depth-first Search..
• Given a graph 𝐺𝐺 and its adjacency list, please find a path from 
𝐴𝐴 to 𝐼𝐼 by using DFS
– Step1

• Push 𝐴𝐴 in stack
– Step2

• Pop the top element of the stack (i.e., 𝐴𝐴)
• Push all the neighbors of 𝐴𝐴 onto the stack

A

D
C
B

A:null

D:A
C:A
B:A

A:null

A
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Depth-first Search…
• Given a graph 𝐺𝐺 and its adjacency list, please find a path from 
𝐴𝐴 to 𝐼𝐼 by using DFS
– Step3

• Pop the top element of the stack (i.e., 𝐷𝐷)
• Push all the neighbors of 𝐷𝐷 onto the stack

– Step4
• Pop the top element of the stack (i.e., 𝐺𝐺)
• Push all the neighbors of 𝐺𝐺 onto the stack

G
C
B

I
H
F
C
B

G:D
D:A
C:A
B:A

A:null

I:G
H:G
F:G
G:D
D:A
C:A
B:A

A:null

D
C
B

G
C
B
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Depth-first Search….
• Given a graph 𝐺𝐺 and its adjacency list, please find a path from 
𝐴𝐴 to 𝐼𝐼 by using DFS
– Step5

• Pop the top element of the stack (i.e., 𝐼𝐼)
• Since 𝐼𝐼 is the target node, so there is a path from 𝐴𝐴 to 𝐼𝐼

𝐴𝐴𝐴𝐴𝐴𝐴𝐼𝐼 I
H
F
C
B

I:G
H:G
F:G
G:D
D:A
C:A
B:A

A:null
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Depth-first Search…..
• If you are not lucky enough

– Given a graph 𝐺𝐺 and its adjacency list, please find a path from 𝐴𝐴
to 𝐼𝐼 by using DFS

• Step4
Pop the top element of the stack (i.e., 𝐺𝐺)
Push all the neighbors of 𝐺𝐺 onto the stack

• Step5
Pop the top element of the stack (i.e., 𝐻𝐻)
Push all the neighbors of 𝐻𝐻 onto the stack

H
I
F
C
B

G
C
B

H
I
F
C
B

E:H
H:G
I:G
F:G
G:D
D:A
C:A
B:A

A:null

E
I
F
C
B
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E
I
F
C
B

Depth-first Search…...
• If you are not lucky enough

– Given a graph 𝐺𝐺 and its adjacency list, please find a path from 𝐴𝐴
to 𝐼𝐼 by using DFS

• Step6
Pop the top element of the stack (i.e., 𝐸𝐸)
Push all the neighbors of 𝐸𝐸 onto the stack

• Step7
Pop the top element of the stack (i.e., 𝐼𝐼)
Since 𝐼𝐼 is the target node, so there is a path from 𝐴𝐴 to 𝐼𝐼

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

I
F
C
B E:H

H:G
I:G
F:G
G:D
D:A
C:A
B:A

A:null

I
F
C
B
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Questions?

kychen@mail.ntust.edu.tw
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